Bounds of some real (complex) solution of a finite system 
of polynomial equations with rational coefficients 
Apoloniusz Tyszka 
Abstract. We discuss two conjectures. (I) For each G M (C) there exist 

. . . , y„ G M (C) such that 

VzG{l,...,n} <22""' 
Vz G {l,...,n} (xi = 1 = 1) 
Vi, j, A; G {1, . . . , n} {xi + Xj = Xk ^ Vi + Vj = yt) 
Vi, j, A; G {1, . . . , n} {xi ■ xj = Xk ^ Vi ■ Vj = yt) 
(II) Let G be an additive subgroup of C. Then for each xi, . . . ,x„ G G there exist 
2/1 5 • • • 5 2/n £ G n Q such that 

Vz G \yi\ < 

Vz G {1, . . . , {xi = I ^ yi = 1) 
Vz, j, A; G {1, . . . , n} (xi + Xj = Xk^yi + Vj = yu) 

For a positive integer n we define the set of equations En by 

En = {xi = l: 1 < z < n} U 
{xi + Xj = Xk '■ ^ < i < j <i n, 1 < A; < rz} U {xi ■ Xj = Xk : I ^ i < j ^ n, 1 < k < n} 
Since there is a finite number of non-empty subsets of En, we get: 

(1) There is a function x '■ {l, 2, 3, . . .} {1, 2, 3, . . .} with the property: for each 
positive integer n, if a non-empty subset of En forms a system of equations that 
is consistent over Z, then this system has a solution being a sequence of integers 
whose absolute values are not greater than x{^)- 

(2) There is a function 7 : {1, 2, 3, . . .} {1, 2, 3, . . .} with the property: for each 
positive integer n, if a non-empty subset of En forms a system of equations that 
is consistent over R, then this system has a solution being a sequence of real 
numbers whose absolute values are not greater than 7(rz). 

(3) There is a function 9 : {1, 2, 3, . . .} —>■ {1, 2, 3, . . .} with the property: for each 
positive integer n, if a non-empty subset of En forms a system of equations that 
is consistent over C, then this system has a solution being a sequence of complex 
numbers whose absolute values are not greater than 9{n). 

2000 Mathematics Subject Classification: 03B30, 12D99, 12L12, 14P05, 15A06, 26C10. 
Key words and phrases: system of polynomial (linear) equations, solution with minimal ^oo norm. 



Remark. Let us consider the problem of finding a complex solution of a polynomial 
system with n variables and integer coefficients. This problem reduces to the problem 
of finding a real solution of some polynomial system with 2n variables and integer 
coefficients. Therefore, the problem of consistency over C of a polynomial system 
with n variables and integer coefficients reduces to the problem of consistency over M 
of some polynomial system with 2n variables and integer coefficients. 

Let us note three facts: 

(4) There is a finite number of non-empty subsets of En- 

(5) There is an algorithm for quantifier elimination for (M, +, -, 0, 1, =, <) (A. Tarski 
and A. Seidenberg, and later G. E. Collins with his cylindrical algebraic decom- 
position algorithm, see [1]). In particular, there is an algorithm checking the 
consistency over M of each finite system of polynomial equations with integer 
coefficients. 

(6) Applying the cylindrical algebraic decomposition algorithm, for each consistent 
finite system of polynomial equations with n variables and integer coefficients, 
we can determine a > such that [—a, a]" contains a solution. 

By the Remark and facts (4), (5), (6), we can find computable 7 and 6. 

There are known direct estimates which enable us to find computable 7. Let 
y C M" be a real algebraic variety given by the system of equations /i = . . . = /m = 0, 
where fi G Q[xi, . . . , Xn] {i = l,...,m). We denote by L the maximum of the 

m 

bit-sizes of the coefficients of the system and set d = ^deg(/j), r = {"'~^^'^)- We 

i=l 

recall ([1, p. 245]) that the bit-size of a non-zero integer is the number of bits in its 
binary representation. More precisely, the bit-size of /c G Z \ {0} is r if and only 
if 2^^^ < 1^1 < 2"^. The bit-size of a rational number is the sum of the bit-sizes of 
its numerator and denominator. N. N. Vorobjov Jr. proved (^20j) that there exists 
(xi, . . . , Xn) G V such that \xi\ < 2^^^'^^ {i = 1, . . . , n), where H is some polynomial 
not depending on the initial system; for a simplified proof see [7, Lemma 9, p. 56]. 
A more general bound follows from [1, Theorem 13.15, p. 476]. 

Let M be the maximum of the absolute values of the coefficients of the polynomials 
. . . , Xn), . . . , fm{xi, . . . , Xn) G Zi[xi, . . . , x„]. Assumc that the system 

fl ("^1 ) • • • ) •^n) • • • fmi^'^l ) • • • ) •^n) 
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is consistent over R (C). Let d{i,j) be the degree of variable Xi in the polynomial 
fj{xi, . . . ,Xn)- Assume that di = imix{d{i,j) : 1 < i < m} > 1 for each i G 
{1, . . . , n}. Let T denote the family of all polynomials W{xi, . . . , Xn) € Z[a;i, . . . , x„] 
for which all coefficients belong to the interval [— M, M] and each variable Xi has 
degree less than or equal to d^. Then, {xi, . . . , Xn} C T and 

card r = (2M + i)(rfi+i)--(rfn+i) 

To each polynomial that belongs to T \ {xi, . . . , Xn} we assign a new variable Xi 
with i e {n + 1, . . . , (2M+ l)(<^i+^) - (<^"+^)}. Let /C denote the family of all equations 
of the form 

Xi = l,Xi + Xj = Xk, Xi ■ Xj = Xk {ij, ke{l,...,{2M+ i)('ii+i)--(<i»+i)}) 
which are polynomial identities in Z[xi, . . . , a;„]. Let fj{xi, . . . ,Xn) = Xq(^j), where 
j e {1, . . . , m} and q{j) G {1, . . . , (2M + i)idi+i)--id„+i)j_ The system 

fl{xi,...,Xn) ^ ...^ fm{xi, . . . , X„) = 

can be equivalently write down as 

/C U {Xq(i) + Xq(i) = . . . , Xq(m) + Xq(m) = Xq(m)} 

We have proved that introducing additional variables we can equivalently write 
down the system 

fi{xi, ...,Xn)^...^ fm{xi,.. . = 
as a system of equations of the form Xi — 1, Xi + Xj — Xk, Xi ■ Xj — Xk, where i,j,k e 
{1, . . . , (2M + i){di+iy.-{dn+i)y and the variables x^^i,..., x^^^ ^ ^)(<ii+i).....(<i„+i) 
are new. 

Conjecture 1. Let be a consistent system of equations in real (complex) numbers 
x\,X2, ■ ■ ■ ,Xn, where each equation in S is one of the following three forms: Xi = 1 
or Xi + Xj = Xk or Xi ■ Xj = Xk- Then S has a real (complex) solution {xi, . . . , Xn) in 

ort— 2 

which \xi\ < 2 for each i. 

Conjecture 1 implies that the system 

/i(xi, . . . , a:„) = . . . = fm{xi, . . . , x„) = 

has a real (complex) solution (xi,...,Xn) in which \xi\ < 2^'^*^'''^' ^ for 

each i. This upper bound is rough because does not depend on the number of equa- 
tions. We describe a better bound that depends on m. Let 

L = {(si, . . . , s„) e Z" : (0 < si < di) A . . . A (0 < s„ < 6/„) A (1 < si + . . . + s„)} 
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fj(^Xi, . . . , Xji) (Ij + ^ ^ • • • J s^) ■ X-^ ... 

(si,...,s„)eL 

where j G {1, . . . , m}, G Z, aj(si, . . . , s„) G Z. Let £ = {xl^ . . . x^ : {si, . . . s„) G I/}. 
Of course, {xi, . . . , C C. We define the lexicographic order :< on £. We will define 
new variables Xj. 

Step 1. To each integer in [— M, M] we assign a separate variable Xj. 
In this step we introduce 2M + 1 new variables. 

Step 2. To each monomial in £ \ {:ri, . . . , wc assign a separate variable Xj. 
In this step we introduce (di + 1) • . . . • + 1) — 1 — n new variables. 

Step 3. To each monomial aj{si, . . . , s„)-a;^^ . . . x^" (j G {1, . . . , m}, (si, . . . , s„) G L) 
we assign a separate variable Xi. 

In this step we introduce m ■ {{di + 1) • . . . • {dn + 1) — 1) new variables. 
Step 4- To each polynomial aj + Yl ■ ■ ■ , tn) ■ x^i . . . x^" 

(ti,...,tn)^(si,...,Sn) 

(j G {1, . . . , m}, (si, . . . , Sn) G L) we assign a separate variable Xi. 

In this step we introduce m ■ {{di + !)•...• {dn + 1) — 1) new variables. 

The total number of new variables is equal to 

p = 2(M - m) - n + (2m + 1) • (c/i + 1) • . . . • (dn + 1) 
Without lost of generality we can assume that we have introduced the variables 
Xn+i, . . . , Xn+p- Let H denote the family of all equations of the form 

X{ 1, -|- Xj Xfc, Xi • Xj X)^ (^i, j, k G ■{ 1 , . . . , ?T. -|- p}) 

which are polynomial identities in Z[xi, . . . ,Xn]- Let fj{xi, . . . ,Xn) — Xg^^, where 
J G {1, . . . , m} and q{j) G {1, . . . ,n + p}. The system 

fi{xi, . . . , = . . . = fm{xi, . . . , x„) = 

can be equivalently write down as 

H U {Xql^i) + Xq(^i) = Xq(^i),. . . , Xq(^m) + Xq{jn) = ^^^(m)} 

Conjecture 1 implies that the system 

fl{x\i • • • 1 3^n) • • • fmix\i ■ ■ ■ i Xn) 

has a real (complex) solution (xi, . . . , Xn) m which \Xi\ < 2 
for each i. 
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Concerning Conjecture 1, for n = 1 estimation by 2 can be replaced by estima- 

on— 2 

tion by 1. For n > 1 estimation by 2 is the best estimation. Indeed, let n > 1 and 

^ oO ^ ol ort— 2 

Xi = 1, X2 = 2 , X3 = 2 , . . . , Xn = 2 .In any ring K of characteristic 0, from 
the system of all equations belonging to En and are satisfied under the substitution 
[xi ^ xi, . . . , Xn ^ x^], it follows that Xi = Xi, . . . , Xn — x^- 

If a system S C Ei is consistent over C, then S has a solution xl e {0, 1}. This 
proves Conjecture 1 for n = 1. If a system 5* C £"2 is consistent over C, then 5* has 
a solution (fl, ^2) G {(0, 0), (0, 1), (1, 0), (|, 1), (1, i), (1, 1), (1, 2), (2, 1)}. This proves 
Conjecture 1 for n = 2. Let 

W={{1},{0}, {1,0}, {1,2}, |l,i|,|l,2,i|, {1,0,2}, |l,0,i|, 

{1,0,-1}, {1,2,-1}, {1,2,3}, {1,2, 4}, |l,i,-i|,|l,^,^|,|l,^,^ 

\/5- 1 V5 + l \ f ^/5 + l V5 + 3 \ J -V5 - 1 V5 + 3 
2 ' 2 J 'I' 2 ' 2 J 'I' 2 ' 2 

If a system S E3 is consistent over M, then 5" has a real solution (£i,f2,f3) with 
{xi} U {^2} U {^3} G W. This proves Conjecture 1 for M and n = 3. If a system 
S C E-^ is consistent over C, then S has a solution {xi,X2, ^3) with {xi}U{f2}U{.f3} G 
WU ||l, ^^2^} ' {l' ^^2^' ^^2^}}- This proves Conjecture 1 for C and 

n = 3. 

Now we demonstrate the use of the Mathematica software for checking Conjecture 1 
for n = 3. Without lost of generality, we can adopt the following assumptions which 
allow for reducing the number of studied systems S C. E^. 

(7) The equation xi — 1 belongs to system S, as when all equations xi — 1, X2 — 1, 
a;3 = 1 do not belong to system S, then system 5* has the solution (0, 0, 0). 

(8) Equations Xi + = Xi, Xi + ^2 = X2, Xi + X3 = X3 do not belong to system S, 
as each of these equations is contradictory when xi = 1. 

(9) We only consider these systems 5* where each real solution (1, f~2, ^3) has pairwise 
different 1, £2, £3, as Conjecture 1 is proven for n — 2. Therefore, all equations 

{i 7^ j) do not belong to system S. 
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(10) Instead of each equation Xi+Xi = Xi {i = 2, 3) we consider the equation Xi — 2. 

(11) Instead of each equation Xi + Xi — xi {i — 2,3) we consider the equation Xi — ^. 

(12) Instead of each equation Xi + Xj = Xj {2 < i < j < 3) we consider the equation 
Xi = 0. 

(13) Instead of each equation Xi + Xj = Xi {1 < i < j < 3, 2 < j) we consider the 
equation Xj — 0. 

(14) All equations (1 < ^ < i < 3) do not belong to system because 
they are met when j — 1, and when j > 1 they are equivalent to equation 
Xi = 0. 

(15) All equations Xi ■ xj = Xj (1 < « < J < 3) do not belong to system S, because 
they are met when i = I, and when i > 1 they are equivalent to equation Xj = 0. 

After replacement of variables xi, X2, xs with 1 and variables x, y, instead of set E3 
we receive 16 equations: 

x^2 y = 2 a; = I V^l x^O y^O 
x-x — y x-x — 1 x + x — y y-y — x y-y — 1 y + y — x 
x-y — 1 x + y — 1 x + l — y y + l — x 

If n = 3, the following code in Mathematica verifies Conjecture 1 for M and C: 
Clear [x, y, i, j] 

A := {x == 2, y == 2, X == 1/2, y == 1/2, x == 0, y == 0, x*x == y, 
x*x ==1, X + X == y, y*y == x, y*y == 1, y + y == x, x*y == 1, 
X + y == 1, X + 1 == y, y + 1 == x> 

f[i-, jJ : = 
Reduce [Exists [{x, y}, 

A[[i]] && A[[j]] && (Abs[x] > 4 II Abs[y] > 4)], Complexes] /; 
i < j 

f[i_, j_] := O /; i >= j 

Union [Flatten [Table [f[i, j] , {i, 1, 16}, { j , 1, 16}]]] 
The output is {False}. 
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Theorem 1. If n G {1, 2, 3}, then Conjecture 1 holds true for each subring K CC. 

Proof. If a system S* C i^^^ is consistent over K, then 5" has a solution xl G {0, 1}. If 
a system C £"2 is consistent over K and | ^ K, then has a solution (i>L,^2) G 
{(0, 0), (0, 1), (1, 0), (1, 1), (1, 2), (2, 1)}. If a system S C E2 is consistent over K and 
i G then 5 has a solution (fi.xs) G {(0, 0), (0, 1), (1, 0), (|, 1), (1, |), (1, 1), (1, 2), (2, 1)}. 
For reducing the number of studied systems S E^, we may assume that the equation 
xi = 1 belongs to S, as when all equations Xi = 1, a;2 = 1, = 1 do not belong to S, 
then S has the solution (0, 0, 0) G K^. Let 

A2 — {£2 G C : there exists G C for which (1, f~2, ^3) solves S} 

^3 — {£3 G C : there exists X2EC for which (1, f~2, ^3) solves S} 

We may assume that A2 <Z e C : \z\ < 4} or A-^ <^ {z e C : \z\ < 4}. 

Case 1: A2 ^ {z e C : \z\ < 4} and A3 C {z e C : \z\ < 4}. If (l,f2,X3) G 
solves S, then (1, Ijfs) G solves S. 

Case 2: A2 C G C : \z\ < 4} and A3 % {z e C : \z\ < 4}. If {1,X2,X3) G 
solves S, then {1,X2, 1) G solves S. 

Case 3: A2 2 G C : \z\ < 4} and A3 ^ G C : l^] < 4}. If (l,£2,f^3) e -K"^ 
solves S, then (1,0,1) G solves 5' or (1,1,0) G solves 5 or (1,1,1) G 
solves S. 

□ 

Conjecture 1 holds true for each n G {1,2,3,4} and each subring K C C. It 
follows from the following Observation 1 which borrows the idea from the proof of 
Theorem 1. 

Observation 1. Let n G {1,2,3,4}, and let C be a system that is consistent 
over the subring iiC C C. If (xi, . . . ,Xn) G solves S, then (fl, . . . ,x^) solves S, 

on— 2 

where each is suitably chosen from {xi, 0, 1,2,^} {z & K : \z\ < 2^ }. 

Multiple execution of the algorithm described in items (16)- (20) yields partial 
(as probabilistic) resolution of Conjecture 1 for M and n > 4. This algorithm resolves 
Conjecture 1 for some randomly chosen subsystem of E^. 
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(16) Prom the set En we remove the equations 



1 




{l<i<n) 




Xi + Xi 


= Xi 


{l<i<n) 




Xi + Xi 


'^i 






X- + X- 


= Xi 


ii ^ 3) 




X^ 1 j 


-^i 


(1 < i < j < n, 


(^,J)7^(4,4)) 


Xi ~\~ Xj 


— Xj 


(1 < i < j < n, 




Xj^ ' Xj — 


- Xi 


(1 < i < J < n) 




Xj^ ' Xj — 


- Xj 


{1 < i < j <n) 




^1 * '^i ~ 


- Xj 


(z,je{l,2,... 


n]) 



and in other equations we replace xi by number 1. We obtain a non-empty set Hn. 

(17) We introduce a random hnear order on but with a reservation that the first 
equation is to be among equations involving number 1. 

(18) Wc define by induction a finite sequence (si,...,Sm) of equations belonging 
to Hn- As Si we put the first equation in Hn- After this, we remove from Hn all equa- 
tions having the left side identical to the left side of equation Si; this step may be omit- 
ted. When the sequence (si, . . . , Si) is defined, and there exists h G Hn \ {si, . . . , Sj} 
for which the system {si, . . . , Sj, /i} has a real solution (x2, . . . , Xn) with pairwise dif- 
ferent 1,X2, - - - ,Xn, then as Sj+i we put the smallest such h. After this, we remove 
from Hn all equations having the left side identical to the left side of equation Sj+i; 
this step may be omitted. If such h does not exist, then m — i and the construction 
of the sequence (si, . . . , Sm) is finished. 

The condition "with pairwise different 1,X2, - - - , Xn" may be removed from item (18), 
but this will increase the average number of executions of item (18). 

(19) If any of the systems {si, . . . , Sm,Xi — 1} {i = 2, ...,n), {si, . . . ,Sm,Xi — 
Xj} {2 < i < j < n) has a real solution, then we return to item (17). 

(20) We resolve Conjecture 1 for R for the latest system {si, . . . , s^}. 

The above algorithm resolves Conjecture 1 only for these subsystems of Hn for 
which each real solution {x2, - - - , Xn) satisfies card({l, X2, - - - , = n. It is sufficient 
if Conjecture 1 was previously resolved for n — 1 real variables. 
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In the computer execution of items (18)-(20) one may use Mathematica soft- 
ware and the CylindricalDecomposition or Reduce procedure. The algorithm for 
Conjecture 1 for C is analogical, but we only apply the Reduce procedure. Neither 
for M nor for C can we apply the Resolve procedure in Mathematica 6.0.1, as it yields 
wrong results, as presented below: 

Resolve [Exists [{x}, x == && x*x == 1], Reals] 
True 

Resolve [Exists [{x}, x == && x*x == 1], Complexes] 
True 

The number 2 + 273^ is prime. 

Theorem 2. If A; e Zfl [273, oo) and 2 + A;^ is prime, then Conjecture 1 fails for n = 6 
and the ring ^[2^] = { ^2+l'^)m ■ x e Z, m e Z n [0, 00)}. 

Proof. (1, 2, A;, A;^, 2 + 2^^) solves the system 



Xi 


= 1 


Xi + Xi 


= X2 


X3 • Xs 


— X4 


X2 + X4 


= X5 


X5 ■ Xq 


— X\ 



Assume that (xi, X2, 0:3, X4, X5, Xg) G [I^-:^^])^ solves the system. Let x^ = ^2+k^)v 1 
xq = (2+fc:2)9 ) a, 6 G Z, p, g G Zn [0, 00). Since 2 + A;^ is prime and 1 = = jxs ■ xqI = 
(2+a!2)p+'3 ' conclude that \a\ = (2 + k'^y for some p G Z fl [0,oo). Hence |,T5| = 
(2 + k'^y~^. On the other hand, {x^l = |x2 + X4I = \xi + Xi + x^- X'^\ = |1 + 1 + Xgl > 2. 
Therefore, p-p>l. Consequently, {x^l = (2 + k^f-P > 2 + k^ > 2^^~^ . 

□ 

Lemma 1 is a special case of the result presented in [16, p. 3]. 
Lemma 1. For each non-zero integer x there exist integers a, b such that ax — 
(26- 1)(36- 1). 

Proof. Write x as {2y — 1) • 2"*, where y G Z and m G Z fl [0, 00). Obviously, 

n2m+l _|_ 1 

g G Z. By Chinese Remainder Theorem we can find an integer b such that 

b = y (mod 2y - 1) and b = 2^^+^^ + 1 ^^^^ 3"^). Thus, ^y-l ^ ^ ^ ^- 

□ 
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Theorem 3. If a prime number p is greater than 2^^^, then Conjecture 1 fails for 

n = 10 and the rinsr Z - . 

o p 

Proof. Let us consider the system 



Xi 


= 1 


X2 ■ Xs 


= Xl 


Xs + X4 


= X2 


X ^ ' 


= Xq 


Xi + Xi 


= Xs 


Xi + Xg 


= Xs 


X-j + 


= Xio 


Xg • XiQ 


= Xq 



By Lemma 1 there exist integers u, s such that {p^ — 1) - u — (2s — 1) (3s — 1). Hence 

/ r -I \ 10 

(1, P, -p, P-\, P-u, {p'-l)-u, s, 2s, 2s-l, 3s-l) e (Z[ijj 

/ r 1 N 10 

solves the system, li {xi,X2,X3,X4,X5,XG,x-r,Xs,XQ,Xio) e (Z ^ j solves the sys- 
tem, then {x2 — Xs) ■ x^ — (2x7 — l)(3x7 — 1). Since 2x7 — 1 7^ and 8x7 — 1 7^ 0, we 
get X2 7^ X3. Since X2 • X3 = 1, we get: |x2| = p"' for some n e Z fl [1, cxo) or jxsl = 



10-2 



for some n e Z fl [1, 00). Therefore, |x2| > p > "2 or |x3| > p > 2 



)10-2 



□ 



The number —2^^ — 2^^ — 1 is square-free, because —3 • 7 • 13 ■ 97 • 241 • 673 is the 
factorization of —2^^ — 2^^ — 1 into prime numbers. 

Theorem 4. Conjecture 1 fails for = 6 and the ring 1]\\J —IP- — 2^^ — 1] — {x^y- 
V-232 _ 216 _ 1 : x,t/eZ}. 

Proo/. (1, 2^6 + 1, -2^^ -2^2 - ^-2^^ _ 216 _ 1^ _232 _ 2I6 _ 1) goi^es the system 

Xi = 1 
2^2 + 2:3 = X\ 

X2 • X3 = X4 

X^ ' X5 — Xg 

Xi -|- Xg = X4 

06-2 

which has no integer solutions. For each z G Z[v — 2^^ — 2^6 — 1]^ if \z\ < 2 then 

^ e z. 

□ 
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Observation 2. U q, a, b,c,d E Z, b ^ or d ^ 0, q > 2, q is square-free, and 
(a + by/q) ■ (c + dy/q) = 1, tlien 

(a > 1 A 6 > 1) V (a < -1 A 6 < -1) V (c > 1 A > 1) V (c < -1 A d < -1) 

The number 4 ■ 13^ — 1 is square-free, because 3 ■ 113 ■ 337 is the factorization of 
4 ■ 13^ — 1 into prime numbers. 

Theorem 5. If p G Z n [13, oo) and 4p^ — 1 is square-free, then Conjecture 1 fails for 
n = 5 and the ring Z[a/4p^ — 1] = {x + y ■ a/ 4p^ — 1 : x,y G Z}. 

Proof. (1, + 1^/4^"^ — 1, 2p'^ — a/ 4^^^ — 1 , 4p^, 2p) solves the system 



X\ 


= 1 


X2 ■ Xs 


= Xi 


X2 + 


= X4 




= X4 



Assume that (a;i, X2, X3, X4, X5) G (Z[a/4p^ — 1])^ solves the system. Let X2 = a + 
b^yAp^ — 1, X3 = c + (iA/4p^ — 1, a, b,c,dG Z. Since 

^(3x2 G Z 3x3 G Z 3x5 e Z[a/4/ _ 1] (3:2 ■ X3 = 1 A X2 4- X3 = xD), 

6 7^ or d 7^ 0. Since X2 ■ X3 = 1, Observation 2 implies that |x2| > 1 + a/ 4^"^ — 1 > 

95-2 , , , : o5-2 

2^ or |x3| > 1 + ^Ap"^ - 1 > 2^ . 

□ 

Theorem 6. Let f{x, y) G Q[x, and the equation /(x, = defines an irreducible 
algebraic curve of genus greater than 1. Let some r G M satisfies 

(*) (-00, r) C {x G M : 3y G M /(x, ?/) = 0} V (r, 00) C {x G M : 3y G M /(x, y) = 0} 

and let K denote the function field over Q defined by /(x, y) = 0. Then Conjecture 1 
fails for some subfield of M that is isomorphic to K. 

Proof. By Faltings' finiteness theorem ([6], cf. [11, p. 12]) the set 

{ue K : 3ve K f{u,v) = 0} 
is finite. Let card {« G if : 3'L' G -K" f{u,v) = 0} = n > 1, and let U denote the 
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following system of equations 

f{xi,yi) = {1 <i <n) 

Xi + tij = Xj {I < i < j < n) 

n 

Xn+1 X] Xj^ 

V i=l 

For some integer m > n there exists a set Q of m variables such that 

{Xi,...,Xn Xn+l,yi, . . . , U {t^j, Sij : I < i < j < Tl} C Q 

and the system U can be equivalently write down as a system V which contains only 
equations of the form X = l, X + Y = Z,X-Y = Z, where X,Y, Z & Q. By (*), we 

^ ^ ^ ^ 1^1 r)m—3 

find X, y G M such that f{x,y) = 0, x is transcendental over Q, and \x\ > 2 .If 
(fi, . . . , x^) G (Q(x, y))™ solves V, then 

n 

x„+i = 2^Xi>x>(2 )=2 

j=l 

Obviously, iiC is isomorphic to Q{x,y). 

□ 

Conjecture 1 fails for some subfield of M and n = 7. We sketch the proof here. 
We find a, /5 G M such that ■ P ■ {1 - a'^ - /3) = 1, a is transcendental over O, and 
|a;| > 2 . It is known ([15]) that the equation x + y + z = xyz = 1 has no rational 
solution. Applying this, we prove: if (xi, X2, X3, X4, X5, Xe, xy) G Q{a,py solves the 
system 



< 



Xi 


= 1 


X2 ■ X2 


= 2:3 


X3 + X4 


= Xr^ 


X5 + xe 


= Xi 


X3 ■ X4 


= X7 


Xg ■ X7 


= Xi 



then |x2| = |a| > 2 

For each a, c G M (C) we define S{a, b, c) as 
{S E E2, : S is satisfied under the substitution [xi — > a, X2 b, X3 c]} 
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If a, 6, c e M and {a}U{6}U{c} G W, then the system S{a, b, c) is consistent over M, 
has a finite number of real solutions, and each real solution of S{a, b, c) belongs to 
[-4,4]3. The family 

{S{a, b,c) : a,b,ceR A {a} U {b} U {c} e W} 

equals to the family of all systems S C. which are consistent over IR and maximal 
with respect to inclusion. 

Ifa,6,ce Cand{a}U{6}U{c} G Wujjl, ^i^, i±^} , {l, i±^}}, 
then the system S{a, b, c) is consistent over C, has a finite number of solutions, and 
each solution of S{a, 6, c) belongs to {{zi, Z2, z^) G : l^^i] < 4 A \z2\ < 4 A l^sl < 4}. 
The family 

{S{a,b,c): a,b,ceC A {a} U {b} U {c} e 

w u {{1, i±^} , {1, 1^, i±^}}} 

equals to the family of all systems S O which are consistent over C and maximal 
with respect to inclusion. 

Let us consider the following four conjectures, analogical conjectures seem to be 
true for R. 

(21a) If a system S* C is consistent over C and maximal with respect to inclusion, 
then each solution of S belongs to 

, , on— 2 , , on— 2 , 

G C" : |xi|<2^ A ... A < 2^ }. 

(21b) If a system S C E^is consistent over C and maximal with respect to inclusion, 
then 5* has a finite number of solutions (xi, . . . , x„). 

(21c) If the equation xi — 1 belongs to S C. E^ and S has a finite number of complex 
solutions {xi, . . . , Xn), then each such solution belongs to 

/ s „ 1 , on— 2 , , on— 2, 

{{xi,...,Xn) eC" : |a;i|<2^ A ... A < 2^ }. 

(21d) If a system S C En has a finite number of complex solutions {xi, . . . ,Xn), 
then each such solution belongs to 

, , on— 1 , , on— 1 , 

{(xi,...,a;„) G C" : < 2^ A ... A < 2^ }. 

Conjecture 21a strengthens Conjecture 1 for C. The conjunction of Conjectures 
21b and 21c implies Conjecture 21a. 
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Concerning Conjecture 21d, for n = 1 estimation by 2 can be replaced by 

on— 1 

estimation by 1. For n > 1 estimation by 2 is the best estimation. Indeed, the 
system 



< 



Xi + Xi 


= X2 


Xi ■ Xi 


= X2 


X2 ■ X2 


= X3 


X3 ■ X3 


= Xi 


1 • Xn-1 


— X-a 



has precisely two complex solutions, (0, . . . , 0), (2, 4, 16, 256, . . . , 2^ ,2^ ). 

The following code in MuPAD yields a probabilistic confirmation of Conjectures 
21b and 21c. The value of n is set, for example, to 5. The number of iterations is set, 
for example, to 1000. 

SEED:=time() : 

p:=[v-l,x-l,y-l,z-l] : 

var: = [l,v,x,y,z] : 

for i from 1 to 5 do 

for j from i to 5 do 

for k from 1 to 5 do 

p : =append (p , var [i] +var [ j ] -var [k] ) : 

p : =append (p , var [i] *var [ j ] -var [k] ) : 

end_f or : 

end_f or : 

end_f or : 

p:=listlib: :removeDuplicates(p) : 

max_abs_value : =1 : 

for r from 1 to 1000 do 

q:=combinat: : permutations : :random(p) : 

syst : = [t-v-x-y-z] : 

w:=l: 

repeat 

if groebner: : dimension (append ( syst, q [w] ))>-! 
then syst :=append( syst ,q[w] ) end_if: 



14 



w: =w+l : 

until (groebner: : dimension (syst) =0 or w>nops(q)) end: 
d:=groebner: : dimension(syst) : 

if d>0 then print ("Conjecture 21b is false") end_if : 
if d=0 then 

sol : =nunieric : : solve (syst) : 
for m from 1 to nops(sol) do 
for n from 2 to 5 do 

max_abs_value : =max (max_abs_value , abs (sol [m] [n] [2] ) ) : 
end_f or : 
end_f or : 
end_if : 

print (max_abs_value) ; 
end_f or : 

If we replace 



p:=[v-l,x-l,y-l,z- 


-1]: 


by 


p: = []: 


var:=[l,v,x,y,z] : 




by 


var:=[u,v,x,y,z] : 


max_abs_value : =1 : 




by 


max_abs_value : =0 : 


syst : = [t-v-x-y-z] : 




by 


syst : = [t-u-v-x-y-z] : 


for n from 2 to 5 


do 


by 


for n from 2 to 6 do 



then we get a code for a probabilistic confirmation of Conjecture 2 Id. 

We can formulate Conjecture 1 as follows: for each xi, . . . , x„ e M (C) there exist 
• • • , l/n G M (C) such that 

Vie {l,...,n} \y^\ <2^ 
Vz e {1, . . . , n} {xi = l^yi = l) 
Vi, j, A: G {1, . . . , n} (xj + Xj = Xk^yi + Vj = Vk) 
yi,j,k e {!,..., n} {xi ■ Xj = Xk ^ yi ■ yj = yu) 

We say that X C M (C) has a property B, if for each xi, . . . , x„ e X there exist 
Hi, ■ ■ ■ lUn ^ ^ with the above four properties. We define: 

= ^ M : X has property B} 

T(c — {X C C : X has property B^ 
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If X C [-v^, V2] then X G J^r. If X C e C : \z\ < ^2} then X E Jc- 
Theorem 7. The family JFr (J?-c) has a maximal element. 

Proof. We prove: if C C JF^ is a chain, then [J X E J-'r. Since C is a chain, for each 

xec 

Xi, . . . , Xn E [J X there exists X E C with Xi, . . . , a:„ G X. Since X has property i3, 

xec 

r)n~2 on— 2, / , . \ , on— 2 on— 2, 

we obtain suitable ...,?/„ G X n [-2^ ,2^ ] ^ U ^ ^ [-2^ ,2^ ]. 
We have proved that [J X E J-'r. By Zorn's lemma, the family J-'r has a maximal 
element. The proof for JF^ is analogical. 

□ 

It is hardly to decide whether Theorem 7 may help prove that M G J-r and C G JF^. 

Conjecture 2 strengthens Conjecture 1. 

Conjecture 2. For each xi, . . . , x„ G M (C) there exist ...,?/„ G M (C) such that 

G {!,..., n} < 22""' 
Vi G {1, . . . ,n} \yi - 1| < |xi - 1| 
yij,k E {l,...,n} Ivi + Vj - yt] < \xi + Xj - Xk\ 
yi,j,k G {1, . . . ,n} \yi ■ y^ - y^] < \xi ■ Xj - Xk\ 

Since (M, +, ■, 0, 1, =, <) is decidable. Conjectures 1 and 2 for M are decidable for 
each fixed n. For a fixed n, Conjecture 1 for C (Conjecture 2 for C) can be translated 
into the sentence involving 2n real numbers. Since (M, +, ■, 0, 1, =, <) is decidable. 
Conjectures 1 and 2 for C are decidable for each fixed n. 

Hubert's tenth problem is to give a computing algorithm which will tell of a given 
polynomial equation with integer coefficients whether or not it has a solution in inte- 
gers. Yu. V. Matijasevic proved ([13]) that there is no such algorithm, see also [H], [3], 
[1], [n]. It implies that Conjecture 1 is false for Z instead of M (C). Moreover, Mati- 
jasevic's theorem implies that Conjecture 1 for Z is false with any other computable 

on— 2 

estimation instead of 2 , so each x in item (1) is not computable. 

As we have proved Conjecture 1 for Z is false. We describe a counterexample 
showing that Conjecture 1 for Z is false with n = 21. 

Lemma 2 ([8, Lemma 2.3, p. 451]). For each x E Zfl [2, oo) there exists y E Zfl [1, oo) 
such that 1 + x^(2 + x)y'^ is a square. 
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Lemma 3 ([8, Lemma 2.3, p. 451]). For each x e Z n [2,oo), y G Z fl [l,oo), if 
1 + x^(2 + x)y'^ is a square, then y > x + x^^^. 

Let us consider the following system over Z. This system consists of two subsys- 
tems. 

(•) Xi = 1 Xi + Xi = X2 X2 ■ X2 = X^ X3 ■ X3 = X4 

X4 • X4 = X^ X5 ■ X5 = Xq Xq ■ Xq = X-j Xq ■ Xj = Xg 

X2 -\- Xq = Xg Xs ■ Xg = Xiq Xh ■ Xu = Xi2 XiQ ■ Xi2 = Xi^ 

Xl + Xi3 = Xu Xi5 ■ Xi5 = Xu 

(O) XiQ + Xie = 2^17 Xl + Xi8 = Xir Xiq + X18 = XiQ X18 • XiQ = 3:20 
3^12 ■ X21 — X20 

Since Xi — 1 and X12 — Xu ■ Xu, the subsystem marked with {o) is equivalent to 

2^21 ■ xli = {2XiQ - l){3XiQ - 1) 
The subsystem marked with (•) is equivalent to 

X2^ = l + (2l6)3.(2 + 2l6).^2^ 

By Lemma 2 the last equation has a solution (xn, X15) e 7? such that Xu > 1. By 
Lemma 1 we can find integers xie, X21 satisfying X21 ■ x\i — {2xiq — l)(3xi6 — 1)- Thus, 
the whole system is consistent over Z. 

If (xi,...,X2i) G Z^i solves the whole system, t\icnx\^ = l + (2^*^)3- (2 + 2^^) ■ 
and X21 ■ = {2xiQ — l)(3a;i6 — !)• Since 2x16 — 1 7^ and 3a;i6 — 1 7^ 0, |a;ii| > 1. 
By Lemma 3 

|xn| > 2^« + i2''f' - 2 > i2'^f' - 2 = 22^° - 32 > 22^^"^ 

Theorem 8. If Z is definable in Q by an existential formula, then Conjecture 1 fails 
for Q. 

Proof. If Z is definable in Q by an existential formula, then Z is definable in Q by a 
Diophantine formula. Let 

Vxi e Q (xi e Z <^ e Q . . . e Q $(xi, X2, . . . , Xm)) 

where $(xi, X2, . . . , Xm) is a conjunction of the formulae of the form Xi = 1, Xi + xj = Xk, 
Xi ■ Xj — Xk, where /c e {1, . . . , m}. We find an integer n with 2" > m + 10. Now 
we are ready to describe a counterexample to Conjecture 1 for Q, this counterexample 
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uses n + m + 11 variables. Considering all equations over Q, we can equivalently write 
down the system 



^{Xi,X2, . . . ,Xm) (1) 

l+(22")^(2 + 22").a;f (2) 

Xi ■ Xm+l = 1 (3) 



as a conjunction of the formulae of the form Xi = 1, Xi + Xj = x^, Xi ■ Xj = Xk, 
where i,j, k G {1, . . . ,n + m + 11}. The system is consistent over Q. Assume that 
(xi, . . . , Xn+m+u) G Q"+™+ii solves the system. Formula (1) implies that xi G Z. By 
this and equation (2), Xm+2 £ Z. Equation (3) implies that xi ^ 0, so by Lemma 3 

on on o2" o oTl + 2" on+1 on+2"-l on+m+11-2 

\xx\>1 +(2^)^ ~^>2^ ~^ > 2^ > 2^ 



□ 

Question. For which n G {1, 2, 3, . . .} there exists a continuous function 

M" 9 ^ (/(„,i)(xi,...,xO,...,/(n,n)(xi,...,x„)) G [-2^ , 2^ ]- 

such that 

V(Xi, . . . ,Xn) eW Wi e {1, . . . ,n} {Xi = l^ f{n,i){Xl, . . . = 1) 

V(xi, . . . G R" Vz, j, A; G {1, . . . ,n} (xj + = Xk ^ 

f{n,i) (2^1 ) • • • ) '^n) ~l~ f{n,j) ('^1 5 ■ • • j -^n) f{n,k) (-^l j ■ ■ ■ ; -^n) ) 

\f{xi, . . . ,Xn) G R" Vz,j, G {l,...,n} (xj -Xj = x^ ^ 

/'(n,i)('^l) • ■ ■ ) -^n) ■ f (n,j)ij^li • • • 1 ■^n) /'(n,A;) (-^l ) • ■ ■ ; -^n)) 

Theorem 9. Such functions exist for n = 1 and n = 2. 
Proof. Case n = l. We define /i : R ^ [0, 1] by 

{0 if X G (-00,0) 
X if X G [0, 1] 
1 if X G (1, oo) 

Case n = 2. Let A be a closed subset of a metric space X and let X be a locally convex 
topological linear space. The Dugundji theorem ([5]) states that every continuous map 
f : A ^ X can be extended continuously to all of X in such a way that the range of 
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the extension lies in the convex hull of f{A). Applying the Dugundji theorem we find 
a continuous function /2 : — > [—2, 2]^ with the following properties: 







-2,2] /2(a;,^/) = 


= {x-, y] 






Vx e (-00, -2) 


{f2{x,l) = 


(-2,1) 


A 


f2{l,x) 


= (1,-2)) 


Vx e (2,00) 


{f2{x,l) = 


(2,1) 


A 


/2(l,a;) 


= (1,2)) 


Vx e (-00, -2) 


{f2{x,0) = 


(-2,0) 


A 


/2(0,x) 


= (0,-2)) 


Vx e (2, 00) 


{f2{x,0) = 


(2,0) 


A 


/2(0,X) 


= (0,2)) 


Vx e (—00, —1) 


if2ix,2x) = 


(-1,-2) 


A 


h{2x,x) 


= (-2,-1)) 


Vx e (1,2] 


{f2{x,2x) = 


(2-x,4-2a;) 


A 


f2{2x,x) 


= (4 - 2a;, 2 - x)) 


Vx e (2, 00) 


(/2(x,2x) = 


(0,0) 


A 


f2{2x,x) 


= (0,0)) 


Vx e (-00, - V2) 


{f2{x,x') = 


(-A2) 


A 


/2(a:^x) 


= (2,-V2)) 


Vx e (V2, 2] 


(/2(:r,a;^) = 


(V4 - a;2,4 - x^) A 


f2{x'^,x) 


= (4-^2, V4-a;2)) 


Vx e (2,00) 


(/2(x,a;2) = 


(0,0) 


A 


f2{x'^,x) 


= (0,0)) 



We propose an effective description of a continuous /2 : 

a : M ^ [-2, 2] by 

^ -2 if xe (-00,-2) 
(T(a;) = <J X if X G [-2,2] 
2 if X e (2, 00) 



-2, 2] 2. We define 



Let 

{{x,y)eR^: 
Let p:R^\T 



T= [-2,2fu 
y^lVx^lVy^0Vx^0Vy^2xVx 
(0, 00) be defined by 

1 



2yyy^x'^Vx^y^} 



p{x,y) 



\x 



+ 



1 



+ 



1 



+ 



(t{x)\ + ly 

1 



+ 



+ 



\y-l\ \x-l\ \y-0\ \x-0\ \y - 2x\ 
and let ^ : \ T ^ [_2, 2]^ be defined by 



+ 



+ 



+ 



X — 2y\ \y — x'^l \x — y' 



g{x,y) 



f2{(y{x),a{y)) 



p{x,y) \\x-a{x)\ + \y-a 



/2(x,l) , Ml,y) ^ /2(x,0) ^ /2(0,?/) ^ f2ix,2x) ^ M2y,y) ^ h{x,x^) , f2{y\y) 



l?/-l| 



\x 



i| l?/-o| 



0| |y-2x| 



\x 



22/1 |y 



X 
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Let /2IT denote /2 restricted to T. The function /2 has an exact definition on T, and 
(/2IT) U c/ : R2 ^ [-2, 2]2 is continuous. 

□ 

Let K he a. ring and let ^4 C if. We say that a map / : ^4 — > iif is arithmetic if 
it satisfies the following conditions: 
if 1 G A then /(I) = 1, 

if a,be A and a + 6 G A then f{a + b) = /(a) + f{b), 
if a,b & A and a ■ 6 G A then f{a ■ b) = f{a) ■ f{b). 

We call an element r E K arithmetically fixed if there is a finite set A C if (an 
arithmetic neighbourhood of r inside K) with r E A such that each arithmetic map 
f : A ^ K fixes r, i.e. /(r) = r. If if is a field, then any r E K is arithmetically 
fixed if and only if {r} is existentially first-order definable in the language of rings 
without parameters, see [IB]. Articles [T7|, [12], [IB] dealt with a description of a 
situation where for an element in a field there exists an arithmetic neighbourhood. 
Article [H] describes various types of arithmetic neighbourhoods inside Z and Q. 

Let K denote the set of all r G if that are arithmetically fixed. Let Kn 
{n = 1,2,3,...) denote the set of all r G if for which there exists an arithmetic 
neighbourhood A of r such that card(y4) < n. Obviously, if 1 = {0, 1} and if 2 G 
{{0,1}, {0,1,2}, {0,l,2,i}}. 

By Theorem 3 in [17j ]R„ C M^^s = {x G M : x is algebraic over Q}. By this. 
Conjecture 1 implies M„ C M^'s n [-2^ ,2^ ]. By Corollary 2 in [I7| C„ C Q. 

~ ^ on— 2 on— 2, 

By this. Conjecture 1 implies C„ C Q n [-2^^ ,2"^ ]. 

Theorem 10 (cf. [H]). For each n G {3, 4, 5, . . .} we have card(^„) < (n+l)"'+" + 2. 

Proof. If card(if ) < n then card(if„) < card(if ) < n < (n + l)"^+" + 2. In the rest of 
the proof we assume that card(if ) > n. Let r G if „\{0, 1} and A is a neighbourhood 
of r such that card(74) < n. Then each set B with A C B C K and card(5) = n is a 
neighbourhood of r. Observe that 1 E B, because in the opposite case the arithmetic 
map B {0} moves r 7^ 0, which is impossible. Since r 7^ 1, we can choose B with 
K D B = {xi, . . . , Xn} ^ A, where xi = r, Xn = 1, and Xi 7^ xj if i ^ j. We choose 
all formulae Xi + Xj = Xk, Xi ■ Xj = Xk (1 < ^ < i < 1 < A; < n) that are satisfied 
in B. Joining these formulae with conjunctions we get some formula $. Let V denote 
the set of variables in $ A {xn = 1). Observe that xi G V, since otherwise for any 
s G if \ {r} the mapping / = id{B \ {r}) U {{r,s)} satisfies conditions (l)-(3) and 
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/(r) 7^ r. The formula . . . 3xi ... ($ A (a;„ = 1)) is satisfied in K if and only if 

XieV, i^l 

Xi — r. 

For each (i, j) e {(i, j) : 1 <i < j <n} there are n + 1 possibilities: 
For each (i, j) G {(z, j) : 1 < i < j < n} there are n + 1 possibilities: 

^ J ^l? • • • J -^n; ^^ y- V^l; • • • 7 -^nf' 

Since card({(i,j) : 1 < i < j < n}) = ^^^-^ , the number of possible formulae 

2 2 

$ A = 1) does not exceed (n + 1)^4^ • (n + = (n + 1)"^+". Thus 

card(^„ \ {0, 1}) <{n + 1)"'+", so card(^„) <{n + 1)"'+" + 2. 

□ 

As we have seen in the proof of Theorem 10, each n-elcmcnt arithmetic neighbour- 
hood of r & K determines a system of equations belonging to some non-empty subset 
of En- In the ring K, for each solution of this system the value of variable Xi is r. 

Considering all systems S C Ei {i ^ 1,2,3) we get: = = Ci = {0,1}, 
Q2 = R2 = C2 = {0, 1, 2, 1}, Q3 = §3 = C3 = {0, 1, 2, 1, -1, 3, 4, -|, |, |, -2, 1, §}. 

For any ring K and any r E K we define u{r) G {1, 2, 3, . . .} as 
min {card(A) : {r} C A C iiC A A is an arithmetic neighbourhood of r inside K} 
As a corollary of Theorem 10 we obtain 

Vn e {3, 4, 5, . . .} VS C ^ (^card(S) > (n + 1)"'+" + 2 =^ 3r e S a;(r) > 

Obviously, each is finite (Theorem 8 gives a concrete upper bound for card(iir„)), 
so for any subring iiC C C there exists A : {1, 2, 3, . . .} — > {1, 2, 3, . . .} such that 

Vn e {1, 2, 3, . . .} yzeKn\z\< A(n) 

The author does not know whether for iiC = Z there exists a computable A : {1, 2,3,...} 
{1, 2,3,.. .} with the above property. 

Conjecture 3. Let G be an additive subgroup of C. Let S* be a consistent system 
of equations G G, where each equation in 5" is one of the following 

two forms: Xi = 1 01 Xi + Xj = Xk- Then S has a solution (xi, X2, . . . , Xn) € ( G fl Q)" 
in which \xj\ < 2"^"^ for each j. 
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In case when G ^ Q we will prove a weaker version of Conjecture 3 with the 

estimation given by {^/5)"~^. 

Observation 3. If ^4 C C*^ is an affine subspace and card A > 1, then there exists 
m e {1,2, . . . ,k} with 

^ An {{xi,X2, . . . ,Xk) e C"" : Xm + Xm = Xm} Q A 

Theorem 11. Let 5* be a consistent system of equations in complex numbers 
xi, X2, ■ ■ ■ , Xn, where each equation in 5* is one of the following two forms: xi — 1 or 
Xi + Xj — Xk- Then S has a rational solution {xi,X2, ■ ■ ■ , Xn) in which \xj\ < 
for each j. 

Proof. We shall describe how to find a solution {xi, X2, ■ ■ ■ , G Q" in which \xj\ < 
(x/S)""^"*^ for each j. We can assume that for a certain i E {1, 2, . . . , n} the equation 
Xi = 1 belongs to S, as otherwise (0, 0, ... , 0) is a solution. Without lost of generality 
we can assume that the equation xi = 1 belongs to S. Each equation belonging to S 
has a form 

aiXi + a2X2 + . . . + a„x„ = b, 
where ai, 02, . . . , a„, 6 e Z. Since = 1, we can equivalently write this equation as 

O2X2 + 03X3 + . . . + UnXn = b- ai 

We receive a system of equations whose set of solutions is a non-empty affine subspace 
A C C"~^. If card ^ > 1, then by Observation 3 we find me {2, 3, . . . , n} for which 

0^ An {{X2, X3,..., Xn) e C"~^ : Xm + Xm^ Xm} C A 

The procedure described in the last sentence is applied to the affine subspace 

A n {{X2, X3, . . . , Xn) e C" ''" : Xm + Xm — Xm} 

and repeated until one point is achieved. The maximum number of procedure ex- 
ecutions is n — 1. The received one-point affine subspace is described by equations 
belonging to a certain set 

U C {xi = 1 : i E {2,3, . . . , n}} U {xi + xj = Xk '■ k E {1,2, . . . , n}, i + j + k > 3} 
Each equation belonging to U has a form 

a2X2 + 03X3 . . . anXn = C, 
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where 02, 0.3, ... , a„, c ^'L. Among these equations, we choose n — 1 hnearly indepen- 
dent equations. Let A be the matrix of the system, and the system of equations has 
the following form 



A 



X2 




C2 






cs 


Xn 







Let Aj be the matrix formed by replacing the j-th column of A by the column vector 
C2, C3, . . . , c„. Obviously, det(A) e Z, and det(Aj) e Z for each j e {1, 2, . . . , n — 1}. 
By Cramer's rule Xj — "^^^^^a)^^ ^ *^ J ^ {2, 3, ... , n}. 

When the row of matrix A corresponds to the equation = 1 (i > 1), then the 
entries in the row are 1, (n — 2 times), while the right side of the equation is 1. 

When the row of matrix A corresponds to the equation Xi + Xi = (i > 1), then the 
entries in the row are 1, (n — 2 times), while the right side of the equation is 2. 

When the row of matrix A corresponds to one of the equations: Xi -\- Xi — Xi or 
Xi + xi — xi {i > 1), then the entries in the row are 1, (n — 2 times), while the right 
side of the equation is 0. 

When the row of matrix A corresponds to one of the equations: xi + Xi — Xj or 
Xi + Xi = Xj {i > 1, j > 1, i ^ j), then the entries in the row are 1, —1, {n — 3 
times), while the right side of the equation is 1. 

When the row of matrix A corresponds to the equation Xi + Xi = Xi {i > 1), then the 
entries in the row are 2, (n — 2 times), while the right side of the equation is 1. 

When the row of matrix A corresponds to the equation Xi + Xj — xi {i > 1, j > 1, 
i ^ j), then the entries in the row are 1, 1, (n — 3 times), while the right side of the 
equation is 1. 

Prom now on we assume that i,j,kE {2, 3, . . . , r?,}. 

When the row of matrix A corresponds to the equation Xi + Xj = x^ {i ^ j, i ^ k, 
j ^ k), then the entries in the row are 1, 1, —1, (n — 4 times), while the right side 
of the equation is 0. 

When the row of matrix A corresponds to the equation Xi + Xi — Xk {i ^ k), then the 
entries in the row are 2, —1, (n — 3 times), while the right side of the equation is 0. 
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When the row of matrix A corresponds to the equation Xi 



Xk {k = i or k = j] 



then tiie entries in the row are 1, (n — 2 times), while the right side of the equation 
is 0. 

Contradictory equations, e.g. xi + Xi — Xi do not belong to U, therefore their 
description has been disregarded. The presented description shows that each row 
of matrix Aj {j e {1, 2, . . . , n — 1}) has the length less than or equal to -\/5. By 
Hadamard's inequality | det(Aj)| < (-s/S)""-*^ for each j e {1, 2, . . . , n — 1}. Hence, 
1^^- 1 = ' idetli")!^' ^ I det(A,_i) I < (v^)-i for each j e {2, 3, . . . , n}. 

□ 

Concerning the above proof, without lost of generality we can assume that all 
equations = 1 (? > 1) do not belong to S. Indeed, if 2 > 1 and the equation Xi = 1 
belongs to S, then we replace Xi by Xi in all equations belonging to S. In this way the 
problem reduces to the same problem with a smaller number of variables. Therefore, 
for proving Theorem 11 (or any other bound) it is sufficient to consider only these 
systems S of n equations which have a unique solution (xi, . . . ,x„) and contain the 
equation Xi = 1 and n — 1 equations of the form Xi + Xj = Xk k E {1,2, . . . , n}). 
Let B be the matrix of the linear system consisting of the aforementioned n — 1 
equations of the form Xj + Xj — x^. Let A be the matrix of the following linear system 

Xl = 1 



B 



and let B, be the matrix formed by deleting the j-th column of B. By Cramer's 



Xl 







X2 















rule Ixjl = I ^g^(A) I < |det(Bj)| for each j e {2,3, By this, the following 



I det(Bj) I 
I det(A) I 

Conjecture 4 implies Conjecture 3 for the case when G D Q. 

Conjecture 4. Let B be a matrix with n — 1 rows and n columns, n > 2. Assume 
that each row of B, after deleting all zeros, forms a sequence belonging to 

{(1), (-1, 2), (2, -1), (-1, 1, 1), (1, -1, 1), (1, 1, -1)} 
We conjecture that after deleting any column of B we get the matrix whose determi- 
nant has absolute value less than or equal to 2^~^. 



In case when G = M ( G = C) Conjecture 5 strengthens Conjecture 3. 
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Conjecture 5. For each xi, . . . , x„ G M (C) there exist . . . , j/„ G M (C) such that 

Vi e {l,...,n} <2-i 
Vi e {1, . . . ,n} l^/i - 1| < \x, - 1| 
Vz,j,A; e {l,...,n} \yi + yj -yk\ < \xi + Xj - Xk\ 

For a positive integer n we define the set of equations Wn by 

Wn — {xi — 1 : l<i<n} U {xi + xj — Xk i < i < j < n, 1 < A; < n} 
If a system S C W„ is consistent over R (C) and maximal with respect to inclusion, 
then (cf. the proof of Theorem 11) 5" has a unique rational solution (fl, . . . ,x^) given 
by Cramer's rule. Hence, 

Conjecture 3 for R <(=^ Conjecture 3 for Q <^=J> Conjecture 3 for C 

Conjecture 3 holds true for each n G {1, 2, 3, 4} and each additive subgroup G C C. 
It follows from the following Observation 4. 

Observation 4. Let n e {1,2,3,4}, and let S C Wn be a system that is consistent 
over the additive subgroup G C C. If (xi, . . . , Xn) £ solves S, then (fi, . . . , x^) 
solves S, where each Xi is suitably chosen from {xj, 0, 1, 2, |} fl {2; e G : \z\ < 2"~^}. 

Multiple execution of the algorithm described in items (22)-(23) yields partial 
(as probabihstic) resolution of Conjecture 3 for M and n>2. This algorithm resolves 
Conjecture 3 for some randomly chosen subsystem of Wn- 

(22) Wc define by induction a finite sequence (si,...,s„) of equations belonging 
to Wn \ {xi = 1 : 1 < i < n}. As si we put the equation xi + xi — xi. When 
1 < ^ < n — 1 and the sequence (si, . . . , Sj) is defined, then as Sj+i we put the first 
randomly chosen h e Wn \ {xi — 1 : 1 < i < n} for which the equations Si, . . . ,Si,h 
are linearly independent. 

(23) We resolve Conjecture 3 for R for the system {xi — 1, S2, ■ ■ ■ , This system 
has a unique solution (1, f^, . . . , x^) given by Cramer's rule, £2, ■ ■ ■ jX^i ^ Q- 

The algorithm terminates with probability 1. For n = 5, the following code in 
MuPAD performs the algorithm with 1000 iterations. 

SEED:=time() : 

r:=random(l. .5) : 

idmatrix : =matrix : : identity (5) : 

u:=linalg: :row(idmatrix,i) $i=l. .5: 

max_norm:=l : 
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for k from 1 to 1000 do 
a:=linalg: :row(idmatrix, 1) : 
rank:=l : 
while rank<5 do 

m:=matrix(u[r()] )+matrix(u[r()] ) -matrix (u [r()] ) : 
al :=linalg: : stackMatrix(a,m) : 
rankl :=linalg: :rank(al) : 

if rankl > rank then a:=linalg: : stackMatrix(a,m) end_if: 
rank:=linalg: : rank (a) : 
end_while : 

X : = (a~-l) *linalg: : coKidmatrix, 1) : 
max_norm : =max (max_norm , norm (x) ) : 
print (max_norm) : 
end_f or : 

For another algorithm, implemented in Mathematica, see jlOj . 

In case when G = Z we will prove a weaker version of Conjecture 3 with the 
estimation given by (-\/5)"~^. 

Lemma 4 ([2]). Let A be a matrix with m rows, n columns, and integer entries. Let 
6i, 62, • • • , &m G Z, and the matrix equation 





Xi 








X2 






A 












bm 



defines the system of linear equations with rank m. Denote by 6 the maximum of the 
absolute values of the m x m minors of the augmented matrix (A, b). We claim that 
if the system is consistent over Z, then it has a solution in (Z fl [—6, S])^. 

Theorem 12. Let be a consistent system of equations in integers xi,X2, . . . ,x„, 
where each equation in S is one of the following two forms: = 1 or Xj + Xj = Xk- 
Then S has an integer solution (xi, X2, . . . , x„) in which \xj\ < (a/5)"~^ for each j. 

Proof. We shall describe how to find a solution (xi, X2, . . . , x„) G Z" in which \xj\ < 
(v^)""^ for each j. We can assume that for a certain i G {1, 2, . . . , n} the equation 
Xi = 1 belongs to S, as otherwise (0,0,..., 0) is a solution. Without lost of generality 
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we can assume that the equation xi = 1 belongs to 5*. Analogously as in the proof of 
Theorem 11, we construct a system of linear equations with variables ^2, . . . , For 
the augmented matrix of this system, the length of each row is not greater than \/5. 
We finish the proof by applying Hadamard's inequality and Lemma 4. 

□ 
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